The differential equation of damped oscillations: X7+ 2P X + a)ozx =0

Its solution in the complex form (the complex deviation) is: X = A(t) e''. Therea
deviation or coordinate x=Acos wt istherea part of the complex deviation.

We need to find the dependence of the amplitude A(t) on time and the angular frequency .

So we take the first derivative according to the rule of differentiation of the product of two

functions, which in our case are A(t) and e'®":

X’= dx/dt = A (derivative of the 1-st function) x € ot (the 2-nd function) +

+ A (the 1-st function) x e""t (derivative of the outer function) x (i a)) (derivative of the inner function).

The second derivative: X”=A”e'”'+ A’e'’(iw) + A’e'°(iw)+ A e'iw)(iw) =
=A7e''+ 2iwA’e'”' - »?Ae'”!

Now we substitute the derivatives into the initial equation: _ .
A//ela)t+2 ia)A/ela)t_a)ZAela)t_l_zﬂA/ela)t_'_z ia),BAe'wt+a)02Ae'a’t= 0

A”+2io A" —w°A+2BA+ 2BAi0 + oA =0

Terms from d*/dt® = x” termsfromdx/dt=x  termsfrom x(t)

and we get theequation A”+ 25 A’+ (> — w3 A=0 fortherea part

and 2io A" +28A 10 =2io(A’+FA)=0 for the imaginary part
Thetrivial solutionis: @ =0 andthe non-trivial oneis: A’+ FA =0

Weget A’=— A o dA/dt =—FA o dA/A=-/4dt.
Integrating this gives usthe equation: IN A =— /4t + const

Theinitial condition: const = In Ay where Ag=A (t=0)
Alltogether wehave: InN A —In Ay = — St o In(A/A) =—pt
Wetakethe antilogarithmand soweget: AlA, =e ' o  A=Aye P!

A=—pAe P '==BA
A'=(=p) P re’ =pA

We substitute these derivatives into the equation for the real part:
A”+28A+ (e’ —0)A=0

and so we get B2A + 28 BA) + (0’ -0 A=0,
or dividing by A: B2 =2B°+ v’ —0°=0,

o —B°+ay—-w’=0 or 0)220)02—,32



